Hadron spectra and other properties of quark systems are studied in the framework of a non-relativistic spinindependent phenomenological model. The chosen confining potential is harmonic, which allowed us to obtain analytical solutions for both meson and baryon (of equal constituent quarks) spectra. The introduced parameters are fixed from the low-lying levels of heavy quark mesons. The requirement of flavor independence is imposed, and it restricts the possible choices of inter-quark potentials. The hyper-spherical coordinates are considered for the solution of the three-body problem.
I Introduction
The study of the fundamental or constituent blocks of matter has been for long time a fascinating field in physics. With the pass of the years new fundamental blocks or particles have appeared, modifying old concepts. For example the atom, that was initially supposed to be fundamental, was found to be formed by the nucleus and electrons, the nucleus was found to be formed by neutrons and protons (nucleons) and finally the nucleons to be formed by quarks.
Nowadays it is believed that the theory describing the interactions between fundamental particles is the Standard Model. This model has a SU (3) × SU (2) × U (1) symmetry. The SU (3) component is what is called Quantum Chromodynamics (QCD) and it is the gauge field theory describing the strong interactions of quarks and gluons. The SU (2) × U (1) component is called Standard Electroweak Model describing interactions between quarks and leptons through the W bosons and the photons. There is an additional particle in the electroweak model, the neutral Higgs scalar that appears after the spontaneously symmetry breaking mechanism, whose existence has not been probed experimentally and that is a subject of a lot of present experimental research because it could prove the validity of the theory.
We will be interested in the present paper in the low energy region of the QCD theory, in which quarks interact strongly to form bound states known as hadrons. When these bound states are formed by a quark and an antiquark (qq) they are called mesons; and when they are formed by 3-quark states (qqq) they are called baryons. The study of the hadron spectra is a fundamental and open field in theoretical physics. Up to the moment the more important approaches to this subject have been: Lattice QCD, QCD sum rules and potential models. Lattice QCD is the most fundamental approach and together with QCD sum rules have had good success. Potential models, although less fundamentals, have proved to be very useful even in non-relativistic approximations. Since the latest seventies a lot of attempts have been made in this field with very good results [1] .
An important question for the use of potential models is whether it is possible to consider hadrons as non-relativistic bound states of quarks. This question could be answered solving the Schrodinger equation assuming apotential and then checking if the obtained quark velocities are nonrelativistic. For the charmonium system this was done in Ref. [2] and it was obtained a result of v 2 /c 2 = 0.2 in the ground state. For lighter hadrons the results are no so good and the validity of the non-relativistic approximation depends strongly from the interaction potential chosen. For example, the interaction potential proposed by De Rujula, Georgi and Glashow [3] was shown [4] to be unsuitable for dynamical non-relativistic calculations of light hadrons. However, Martin showed latter [5, 6, 7] that a non-relativistic model with a power law potential is able to describe heavy quark mesons and the clearly relativistic ss states. The potential proposed by Martin had the form
where A = −8.093 GeV , B = 6.898 GeV and α = 0.1. The study of baryon systems with this power law potential was done by Richard [8] obtaining good results. At that time the baryon spectra in potential models, although rather elaborated [9] , was completely disconnected from the meson sector. Exceptions were some attempts to derive meson and baryon potential energies from a common framework as the instanton, string or bag model. The rule adopted by Richard for thepotential was
Other very well known phenomenological nonrelativistic potential models have been based in the Cornel potential [10, 2] 
where A C = 0.1756 GeV 2 , B C = 0.52 and C C = −0.8578 GeV ; and the logarithmic potential [11] 
where
Finally, other two propositions of inter-quark potentials are due to Song and Ling [12] 
where A S = 0.511 GeV 
where A T = 0.620 GeV Studies with phenomenological potentials, like the Cornell one, but considering a relativistic kinetic energy term, are able to describe the observed spectra of heavy and light hadron systems [14, 15] . Non-trivial connections between these relativistic potential models and rigorous numerical results from lattice QCD have been demonstrated [16] . Some recent works have tried to understand why the non-relativistic treatment works and allows useful predictions even for relativistic systems [17, 18] .
In the previously mentioned potential models, central conditions have been the flavor independence of the potential chosen and the existence of a confining term. Quark masses appearing in these phenomenological models are the so called constituent quark masses that should not be confused with the current quark masses, that are the mass parameters appearing in the QCD Lagrangian. Constituent quark masses are bigger than current quark masses and it is suppose that this is due to gluonic condensate effects. In general constituent quark masses are considered as free parameters to fit in potential models, that is why different values are found all over the literature. Up to our knowledge there are two works in which constituent quark masses are calculated from QCD: one is due to Elias et al. [19, 20] that used an operator-product expansion (OPE) of approximate non-perturbative vacuum expectation values in the fixedpoint gauge; the other work is due to Cabo and Rigol [21] in which a Modified Perturbative QCD expansion incorporating gluon condensation was employed [22] . Because there are no free quarks, a lot of care should be taken with the meaning of these quark masses.
In the present work we study the hadron spectra within a non-relativistic spin-independent phenomenological model, with a harmonic confining potential. The idea is to show with an educational perspective what can be done with the Schrodinger equation, the very useful for physicists harmonic potential, and the same number of parameters used in almost all the calculations, in order to understand the hadron spectroscopy. The harmonic potential has the great advantage that allowed us to obtain analytical solutions for both the meson and baryon (with equal constituent quarks) spectra. Although the obtained results are not as good as the ones obtained for the former potentials, we think that they give very good estimates of the hadron properties without the need of numerical calculations implemented for all the previously mentioned potentials. As we will work with a spin independent model, the magnitudes we will deal with will be spin averaged. For fitting our parameters spin averages of experimental values were calculated, but for certain resonances the experimental values were not at hand [23] and theoretical results obtained by Fulcher [24] were used. It should be mentioned that in a work by Hirata et al. [25] the harmonic oscillator was employed as an unperturbed confinement potential, in the asymptotically free coloredquark-gluon model in which the one-gluon-exchange force was treated perturbatively. Later Ram and Hasala [26] used the pure harmonic oscillator potential in the Klein-Gordon equation to determine the meson masses.
The exposition will be organized as follows. In Section II meson spectra is calculated for two different potentials with harmonic confining terms, that allowed to obtain analytical solutions. The first potential is the harmonic oscillator and the second one is the harmonic oscillator plus a term proportional to 1 r 2 . The results are analyzed for the flavor dependent and independent cases. In Section III we study the properties of the radial wave function, and some related physical quantities, at the origin. Section IV is devoted to the study of the baryon spectra and the summary can be found in Section 5. Finally, an Appendix was introduced for mathematical details of the three-body problem solution.
II Meson Spectra
In the present section, the non-relativistic meson spectra are calculated for two different potentials. The first one is the pure harmonic potential and in the second one a term proportional to 1 r 2 is added to the harmonic oscillator, allowing to improve the short-range interaction. That is the potentials considered are:
and
The Schrodinger equation, in the Center-of-Mass (CM) system and in spherical coordinates, has the form (notation = c = 1 is considered)
where i = 1, 2 and µ = m1m2 m 1 +m 2 is the reduced mass. Introducing the spherical harmonics
the radial Schrodinger equation can be written as
The solution of Eq. (11) can be found in any classical textbook of Quantum Mechanics [27, 28] and has the form
where 
First, in order to compare with experimental values we fitted the parameters without imposing the flavor independence condition on the potentials. For that case [5] it is only possible to determine from the experimental spectra the val- Table 1 for charmonium (cc) and upsilon (bb) systems. As it can be seen, the parameter 2µα has the limiting value for the existence of the solution for the flavor dependent (FD) potential V 2 for both quark systems, because
and for l = 0 and 2µα > 0.25 the squared root will have imaginary values. is the flavor independent potential V1 (r)).
The mass values obtained for cc and bb systems, with the parameters in Table 1 , are presented in Figure 1 together with the theoretical values obtained by Fulcher [29] and compared with the experimental values [23] (the results for each potential are presented in the figure as columns). The experimental masses of the states 1S, 1P , 2S for the charmonium systems and all the ones presented for the Upsilom systems are spin averaged and were used in our fit of the parameters. The experimental masses reported for the 1D and 3S charmonium resonances belong to the 1 Table 2 . The mass of the 1S resonance for the ss meson was employed to fit the s quark mass.
As it can be seen the theoretical results obtained are only estimates for the experimental values. The main differences between these theoretical results and the experimental ones, or other theoretical calculations, are clearly due to the nonsingularity of the potential at the origin, and its concavity. That is, the harmonic potential has positive second derivative at variance with other proposed potentials that vary more slowly with the distance. This causes that when the energy of a state increases, the classical allowed region will be smaller for the harmonic potential than for the other ones and states result more localized. Other undesirable effects are the constant spacing between the consecutive levels and 1S  1016  1019  2065  2076  5299  5370  6340  6400  6361  1P  1353  2377  5580  6590  6703  2S  1690  2689  5861  6840  6876 the degeneracy present. The differences between the proposed potential and the former ones also cause the so called constituent quarks masses to be here like twice of the usual values for the heavy quarks c, b and fifth times for the s quarks. The addition of the non harmonic term improved the results for the lower levels and broke the degeneracy present, but for the higher excited states the deficiencies remain; and this potential was also unable to fit with the flavor independence condition.
III Properties of the radial wavefunction at the origin and related magnitudes
As it was mentioned in the previous section, the major reason for differences between our calculation for the pure harmonic oscillator and previous ones are the non-singularity of the potential at the origin, and its concavity. The value of the radial wave function or its first non-vanishing derivative at the origin
is needed for the evaluation of pseudo-scalar decay constants and production rates through heavy-quark fragmentation [31, 32] . In Figure 2 we compare our results for
with the ones presented for other potentials in
Ref. [33] for cb mesons. Two interesting magnitudes to evaluate, related with the wave functions at the origin, are the leptonic widths and the hyperfine splitting.
Leptonic widths for charmonium and upsilon systems are presented in Figure 3 and compared with results in Ref. [33, 24] . They were obtained by the formula [35] 
where N c = 3 (number of colors), α denotes the fine structure constant, e q denotes the quark charge and M V is the mass of the vector meson. Finally, the hyperfine splitting can be obtained through the expression [5] 
in which the constant is fixed through the hyperfine splitting observed in the charmonium family Figure 4 . 
Results for the cc J/ψ
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IV Baryon Spectra
In the present section we study the baryon spectra using the harmonic potential obtained in Section II. For the threebody system the Hamiltonian has the form
In order to separate the C-M motion, we define the Ja-
Considering equal masses m a = m b = m c ≡ m, and Eqs. (18), (19) the C-M motion is separated and the Hamiltonian for the relative motion takes the form
where the rule adopted by Richard [8] (2), was considered. At this point we could obtain the baryon spectra directly from Eq. (20) noticing that it is the sum of two independent harmonic oscillators. But then the energy eigenvalues will not be in terms of the natural quantum numbers of the system, and it will not be possible a check with experimental or other theoretical results. The same problem is faced with the usual 3-dimensional harmonic oscillator, which could be solved in Cartesian coordinates as the sum of three independent 1-dimensional harmonic oscillators, but then no relation between the conserved angular momentum and the energy spectrum is obtained and the use of spherical coordinates is convenient.
Then introducing the hyper-spherical coordinates [36] (see Appendix A)
the kinetic term stay in a diagonal form and the potential become only dependent of the hyper-radio, then the Hamiltonian (20) takes the form
the two body subsystem bc.
The Schrodinger equation in this case has also analytical solution (see Appendix A), with eigenvectors
The eigenvalues are given by the expression
where N is the number of nodes of the hyper-radial function, λ is the grand-angular quantum number, and P
(cos (2χ)) are the Jacobi polynomials. In Figures   5 and 6 we compare our results with other calculations presented by Richard in Ref [8] . To compare with experiments there were only two equal constituent quark baryons at hand [30] , for the sss system, for which
V Conclusions
In the present paper we have studied, within a nonrelativistic spin-independent model with harmonic confining potential, the spectra and other properties of hadron systems. It was found that for mesons, without imposing the flavor independence condition, two possible potentials with harmonic confining terms had analytical solutions that give good estimates of the experimental values reported for the meson spectra. The better fit was obtained for the potential with a term proportional to 1 r 2 because it has a singularity for r → 0 that improves its behavior in this region. However this potential was found to be incompatible with the flavor independence condition and was not considered in the analysis that followed.
For the pure harmonic oscillator the parameters introduced were fixed from the low lying levels of heavy quarks systems and imposing the flavor independence condition. The calculation of the meson and baryon spectra, and the hyperfine splitting with this potential give good estimates of the experimental and other theoretical results; in the case of leptonic widths we could say that the results are not good. Although this potential is far from being a good approximation for the real inter-quark potential, and the results are not as good as the theoretically obtained by other phenomenological models, it has the great advantage that allows to obtain analytical solutions for both meson and baryon spectra. That is, reasonable theoretical results are obtained without the need of numerical methods and computational calculations. The major differences of this potential and the others mentioned in the introduction are due to its non-singularity at the origin and its concavity, that cause the bad results for the obtained leptonic widths and also (for a better fit with experiments) the so called constituent masses to be bigger than the usual ones. The baryon spectra was studied with the use of the rule (2) for thepotential and for obtaining the analytical solution it was necessary to restrict the study to equal constituent quark systems.
We finalize with the conclusions of A. Martin in Ref. [7] "... if you want to know the mass of a particle and if you have a little time (in years!) and little money you should forget all your prejudices and use potential models".
A The hyper-spherical coordinates and the solution of the three-body problem with a harmonic potential
The hyper-spherical coordinates are very useful for dealing with the three-body problem; in what follows we make a small review of them. The kinetic energy of the Hamiltonian (20) ,
can be written as a Laplacian in a 6-dimensional space, due to the symmetry in the two Jacobi vectors. When a change of coordinates is made, the N -dimensional Laplacian transforms as
are the metric coefficients. The change to hyper-spherical coordinates is based on the definition of the hyper-radius by
and N − 1 angles in a way that (29) is satisfied and the old variables are expressed in terms of the new ones by N functions with the form
and the Laplacian operator becomes
In the expression (31) Ω N −1 denotes all angles. The explicit form of the angular term of the Laplacian operator and its eigenfunctions will depend of the set of angles selected as new coordinates and the eigenvalues will be equal to −λ (λ + N − 2). In this 6-dimensional case where the selected coordinates are (21) the angular term obtained is
Its eigenfunctions are expressed as a product of orthogonal polynomials in separated variables [36] . The eigenfunctions corresponding to Jacobi's angles θ r , ϕ r , θ R and ϕ R are the well known spherical harmonics. Then the equation obtained for the function of the angle χ is
for which the solution are the Jacobi polynomials 
with λ = 2n + l + j and N λ,l,j a normalization factor. For the harmonic interaction between equal mass particles, the potential is only dependent of the hyper-radius, then we can separate variables and the radial equation has the form
Introducing new variables
and the new function
we obtain for (35) the equation 
with solutions
and L λ+2 N ξ 2 are the generalized Laguerre polynomials. Then the complete eigenvectors and the eigenvalues of the problem are given by Eqs. (24) and (26) .
